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The Multimomentum Hamiltonian Formalism in
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We extend the jet bundie machinery of gauge theory to the multimomentum
Hamiltonian formalism. This enables us to manipulate finite-dimensional
momentum spaces of fields. In the framework of this formalism, time and spatial
coordinates are regarded on the same footing, and a preliminary (3+ 1) splitting
of a world manifold is not required. We get the canonical splitting of a multi-
momentum Hamiltonian form into a connection part and a Hamiltonian density.

1. INTRODUCTION

In bundle terms, matter fields ¢ are represented by sections of a vector
bundle E -» X and their Lagrangian is defined on the 1-jet manifold J'E
of E by the morphism

L: J'E-A\T*X
L= %o, w=dx*n--pdxs

(1

(Saunders, 1989; Mangiarotti and Modugno, 1991). The jet manifold is
endowed with adapted coordinates,
(x/\a yi’ yj\)ojalc¢=(xA9 ¢i(x)’ a)t¢i(x)) (2)

and it plays the role of a finite-dimensional configuration space of fields ¢.
A finite-dimensional momentum space of fields ¢ is represented by
the Legendre manifold

M=AT*X® TX ®V*E (3)

'Department of Theoretical Physics, Moscow State University, 117234 Moscow, USSR.

1477
0020-7748/92/0800-1477$06.50/0 © 1992 Plenum Publishing Corporation



1478 Sﬁrdanashvily and Zakharov
on which the multimomentum Liouville form
0=-pldy' n0w®3, 4)

is defined. The manifold (3) is provided with standard coordinates
(x*, ¥, p}). Given the Lagrangian (1), we have the Legendre morphism

L: JNE-TI
L

=(x"y,pi=m=01%)

A

L,y ph)e

A multimomentum Hamiltonian form H on IT is defined to be an object
of the following kind:

H: TI->A\T*E
H=pldy' ne,—%#(x",y, pHlo, ©,=8,lw

(6)

where local functions # on II obey the coordinate transformation law

) a i a 1 axl‘-
*(x*,y", pity=J (a—yy—Jgi-; pi+ %) , J= det( axm) (M

If X =R, we have the familiar Hamiltonian formalism. .

The multimomentum Hamiltonian formalism (Kolaf, 1973; Krupka,
1978) has been generalized to degenerate Lagrangian systems (Zakharov,
1991). To apply this formalism to field theory, we use the notion of a general
connection on a bundle E:

I: E-J'E (8)
As a consequence, there is a canonical splitting
H=p'T +%

of the multimomentum Hamiltonian form (6), where I" is some connec-
tion (8).

" We further assume that all maps are smooth and manifolds are real,
Hausdorff, second-countable, finite-dimensional, and connected. Bundles
are locally trivial and differentiable. Their structure groups are assumed to
be Lie groups.

By A, we denote exterior product of cotangent vectors. The interior
product (pairing) of tangent vectors with cotangent vectors is denoted by _i.



Multimomentum Hamiltonian 1479

2. BUNDLES
By a bundle, we mean a locally trivial fiber bundle
7. E->B

whose total space E and base B are manifolds. For the sake of simplicity,
we denote a bundle by its total space E.
We use y and x in order to denote points of E and B, respectively.
Given a bundle E and another bundle

7. E'->B
a bundle morphism of E to E’is defined to be a pair of manifold morphisms
o:. E->E, ®z: BB
such that
qeoP=Pyoq’

One says that ® is a bundle morphism over ®p.
Given a bundle E and a manifold morphism

f. B'->B
the pullback of E by f is defined to be the bundle
F*E={(3x) e EXB’; m(y)=f(x)}
with the base B’ and projection
A (nx)x
In particular, each section e of E yields the pullback section of f*E:
fre(x)=(e(f(x), x")
We provide a bundle E with local bundle coordinates
(x*,¥), 1=A=n=dim B, 1=i=l=dim E —dim B
which are compatible with the bundle fibration of E. In particular, if
V={U,, ¢: 7 (U)~> U, xF}

is a bundle atlas of E, coordinates y' on E can be induced by coordinates
v’ on a standard fiber F of the bundle E:

yi=vioy, )

In field theory, one is usually concerned with bundles associated with
a principal bundle.
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A group bundle is defined to be a bundle E together with canonical
bundle morphisms which make each fiber E, = '(x) of E into a Lie
group. For instance, a vector bundle E possesses the structure of an additive
group bundle.

A general affine bundle is defined to be the triple (E, E', r) of a bundle
E, a group bundle E’ over B, and a bundle morphism

rm EXE'-E
B

which makes each fiber E, of E into a general affine space with the associated
group E acting freely and transitively on E,.

In particular, if a group bundle is a vector bundle E, a general affine
bundle is called an affine bundle modeled on the vector bundle E:

rs: ExXE->E
B

re: (BF)>y+y
A principal bundle P with a structure group G is a general affine
bundle with respect to the trivial group bundle B X G, where the group G
acts on P on the right:

r,: P->Pg=r(Pg), geG (10)

Given a principal bundle
Tp. P->B
with a structure group G, a total space of a P-associated bundle E with a
standard fiber F is defined to be the quotient (P X F)/G of the product
Px F by identification of elements (p, v) and (pg, g 'v) for all ge G.

A global section e of E then is determined by an F-valued equivariant
function f, on P such that

e(mp(p))=[plef(p), peP
f(pg)=g"f(p), gcG
where [ p]r denotes the restriction of the canonical map
PxF->E

to the subset p X F.
Let (E,, E{, ) and (E,, E}, r,) be general affine bundles. An affine
bundle morphism E, - E, is a pair of bundle morphisms

®: E->E,, ®'. E|->E)}
such that
re(®,@)=@or
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For instance, let P be a principal bundle with a structure group G.
Every affine (principal) isomorphism of P (over the identity morphism of
its base B) is expressed as

®p(p)=pf(p), peP
flpg)=g"'f(p)g, geG

where f is a G-valued equivariant function on P.
Given a P-associated bundle E with a standard fiber F, every principal
isomorphism (11) yields the principal morphism

b.: (PxF)/G->(Pp(P)XF)/G (12)

of the bundle E.
Given a principal bundle P and a P-associated bundle E, we say that
a bundle atlas

(11)

¥ ={U,, ¢7}
of P and a bundle atlas
¥ ={U,, ¢}

of E are associated atlases if they are determined by the same family
{z.(x), x € U} of local sections of P, that is,

2 (mp(p)) =p((p) 7 =p(¥i(x) o
wk(x)z[zx(x)]gla WP(P)sz UK
Here, 15 is the unit element of the group G.
The tangent bundle over a bundle E possesses additional structure,
which is the vertical subbundle.
Given the tangent bundle

and the cotangent bundle T*M over a manifold M, we denote the induced
bundle coordinates on TM and T*M by (x*, ¥*) and (x*, X,), respectively.
Here, ¥* and %, are coordinates on fibers T.M and TFM with respect to
holonomic bases {9,} and {dx"}. Let

f: M->N
be a manifold morphism. This yields the linear bundle morphism over f:
fir TM->TN

af”
ax*

Jur o, 0,

which is called the tangent morphism to f.
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Given a bundle E, we have the bundles
7. TE->E
7y: TE->TB

The induced bundle coordinates on TE are (x*, y', x*, y').
The vertical bundle over a bundle E is defined to be the subbundle

VE =ker m,< TE

The induced bundle coordinates on VE are (x*, y', y)
We have the following exact sequence of tangent bundles:

0—>VE—>TE—>E§TB—>O (13)

over E, where
E >}§TB = 7*(TB)

is the pullback of the tangent bundle TB by =. For instance, a bundle
morphism ® of a bundle E yields the vertical tangent morphism

V&=, VE-VE'

of the vertical bundle VE to VE'.

The dual exact sequence of cotangent bundles is

0> 7*(T*B)»> T*E > V*E >0
Here, V*E is the vertical cotangent bundle dual to VE and
H*E=o*(T*B)=E >1§T*B

is the horizontal cotangent subbundle of T*E which consists of covectors
whose interior product with vertical tangent vectors is equal to zero. For
the sake of simplicity, we denote the horizontal subbundle H*E by T*B.

A vector field on E is called a projectable vector field if it is projected

to a vector field on B. The coordinate expression of a projectable vector
field is

u=u*(x)a,+u'(y)o

A projectable vector field on E taking its values in the vertical bundle
VE is called a vertical vector field. Its coordinate expression reads

u= ui(y)ai

Vertical bundles of most of the bundles relevant for physics possess a
simple structure called vertical splitting.



Maultimomentum Hamiltonian 1483

A vertical splitting of a bundle E is made up of a vector bundle E and
a linear bundle isomorphism over E:

a: VE—>E>B<E_ (14)

In particular, a trivial vertical splitting of a bundle E is a vertical splitting
with a trivial bundle E = BXx F:

a: VE-EXF (15)

Given the vertical splitting (14), the bundle coordinates (x*, y') on E
are called the coordinates adapted to the vertical splitting if the vector fields

preacd;: E- VE—>E>'§E——>E

are constant along fibers of E. In this case, we can write
prae a°d; = ;(x)

where the 1,(x) are bases associated with some local splitting ¢ of E. The
vertical splitting (14) is called an integrable vertical splitting if there exists
a bundle coordinate atlas of E constituted by coordinate charts adapted to
the vertical splitting.

For instance, a vector bundle E has a canonical integrable vertical
splitting:

VE=EXE (16)

An affine bundle E modeled on a vector bundle E has a canonical integrable
vertical splitting (14).

A principal bundle P with a structure group G has a canonical trivial
vertical splitting (15):

a: VP->PXxg
pr2°a°am=-’m

where g is the left Lie algebra of the group G and {J,,} is a basis for g. This
splitting takes place because, by definition, elements of the left Lie algebra
g are left-invariant vector fields on G. Given an atlas {z,} of the bundle P,
the canonical bundle coordinates on P adapted to a canonical vertical
splitting are (x*, p™)

pr(p)=(a"y)(p)=a"(g), pemr(U) (17)

where a™(g) are group parameters and the element g, € G is determined
by the relation ‘

p=z(mp(p)g,
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In the case of bundles, the familiar machinery of R-valued exterior
forms is extended to tangent-valued forms.
A tangent-valued form ¢ on a manifold M is defined to be a section
of the bundle
AT*M (I>§T M
Its coordinate expression is
b =% . 10,Qdx A ndx™

Given a bundle E, one manipulates the following classes of tangent-
valued forms on E:
(i) Tangent-valued horizontal forms

¢: E->AT*B C;)TE

¢ =(¢%,..2, ()3t &5, 0 (0)3:)®dx i a- - - Adx '

(ii) Projectable horizontal forms projected to tangent-valued forms
“on B:

b= (08 0 ()3, Bhy .0, ()3)@x™ A+ - n dx™
(iii) Vertical-valued horizontal forms

¢: E->AT*B @VE

b=k (D)o @dxM A~ ndx™
A vertical-valued horizontal 1-form is called a soldering form:
o E->T*B ng)VE

. 18
o=03(y)s;®dx* (18)

Tangent-valued 0-forms (i.e., vector fields) are known to form a sheaf
of Lie algebras with respect to the commutation bracket. This algebra
structure can be generalized to tangent-valued forms if we consider the
Frolicher-Nijenhuis (FN) bracket:

[, 0'] = (¢Kl---A,ava\L,+1---A,+S - (_l)rsai,-u)«sau‘ﬁiﬂu-A,+s
- r¢xl e )\rwlya)‘va-:r+l c Apas + (—_l)rssa-‘)tl T /\s—lvaAs(bll)\s+l c ’\r+s)
XdxMAar-A dxl\r+s®a“

Given a tangent-valued form 6, we can introduce the Nijenhuis
differential

dy: o deo=[6,0] (19)
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For instance, if 8 =u is a vector field, we have the Lie derivative
d,o=L,0o=(u"3,0% . ., —0) ..0.u"

Hu’)dxtiae - ndxh®a, (20)

Note that the differential (19) can be applied to R-valued forms o.

+s50%,...,

s—1¥

3. JET MANIFOLDS

We here restrict ourselves to first-order and second-order jet manifolds.
Given a bundle E, the first-order jet manifold J'E of E is defined to
be made up of equivalence classes
w=jie, xeB

of sections e(x) of E so that e(x) and e'(x) belong to the same class jie
if and only if

e(x)‘= e'(x), e*'TXB = e:k’T,,B
The jet manifold J'E represents the total space of the bundles
E'=(J'E, m, B), m: J'Esjie>xecB

E®"=(J'E, 7o, E), wo: J'Esjre>e(x)cE

Note that the structure of a smooth finite-dimensional manifold is induced
on J'E as on the bundle E°.

Given bundle coordinates (x*, y') on E, the jet manifold J'E is provided
with adapted coordinates (2). Adapted coordinate transformations read

x"* = dR(x*) (21a)
=@ (x, y7) (21b)
i (o . a®"\ ax*

(G i) (210

Note that the transformation law (21a) is independent of y' and y}
and that the transformation law (21b) does not involve y;. It follows that
adapted coordinates on J'E also play the role of bundle coordinates on
J'E regarded both as the bundle E' and as the bundle E°.

Moreover, the second term in the transformation law (21c¢) indicates
that E® is an affine bundle. Namely, there is a canonical bundle
monomorphism 6; of J'E onto an affine subbundle of the bundle

T*B C;)TE

It is called the contact map and is given by the coordinate expression
0, =dx"®d, = dx*®(3,+y}s;) (22)
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The bundle E® hence is the affine bundle modeled on the vector bundle

T*BQVE~E (23)

Let E and E’ be bundles over B and
®: E-E’

be some bundle morphism over a diffeomorphism ®p of B. Then, there
exists a jet prolongation of a morphism @ to the morphism

j'®: J'E3jie—>jo,m(Poec®5)eJ'E’
For instance, each section e of E can be regarded as the bundie

morphism of the bundle B - B into the bundle E over B. Hence, we have
the jet prolongation of a section e to the section

(j'e)(x)=jxe
of the bundle E'. In adapted coordinates, this prolongation reads
(¥ e jle=(x", €'(x), 3re'(x))
In Section 6, we shall need the lift
a: J'E-TI'E

of a projectable vector field u on E to a vector field on J'E. The coordinate
expression of this lift is

a(w)=us,+u's, +(3,u'+yiou —y,a,u)a} 24)

x=7(y)=m(w), y=mu(w)

By analogy with 1-jet manifolds, higher-order jet manifolds can be
introduced. Here we are concerned only with the second-order jet manifold
J?E of a bundle E. This is made up of equivalence classes j2e of sections
e(x) of E so that e(x) and e'(x) belong to the same class j2e if and only if

jxe=jxe, e**lTXTB = e:k*lTxTB

By TTB, we here denote the tangent bundle over the tangent bundle TB.
The 2-jet manifold J°E is endowed with the adapted coordinates

(xA’ yi’ yi\ > yi\/.r. = inu\), Where
y:\u(]fce) = auat\yi(e)
We can consider the repeated jet manifold

J'J'E>B
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provided with local coordinates
(X, ¥ 55 Yous Yau)
There are two bundle morphisms over J'E:
mon: JIT'E->J'E,  yiemen=yi
j17701: JU'E->J'E, .Vi°j17"01=y{m

By recalling the affine structure of the bundle E°', we find that their
difference over J'E yields the bundle morphism

j'mo—men=¢& JJ'E>T*B ®VE

(x*, ¥, % ®y) 0 £=(x* ¥, yor —¥i)

The kernel of ¢ is an affine subbundle J2E = J'J'E over J'E, which is
characterized by the condition

y("u =J’f\

The adapted coordinates on J?E are (x*,y’, y, y\,), where, in contrast
with coordinates on J°E,

yip. # y;u\
Hence, there exist the following affine bundle monomorphisms over J'E:
JE->JE->J'J'E (25)

and there is an affine splitting of J2E over J'E:

- 2
JFE=J’E @ (/\ T*B ®VE)
J'E E

4. GENERAL CONNECTIONS

In general, a connection on a bundle E must determine the lift of a
tangent vector to B at a point x € B to tangent vectors to E at each point
y € E projected to x. In other words, a connection I" on a bundle E can be
viewed as a morphism

I: ExXTB>TE (26)

One can introduce a connection in various equivalent ways. In the
framework of jet formalism, we do it as follows.
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Given a bundle E, a connection I' on E is defined to be a global section
(8) of the bundle E®'. Its coordinate expression is

(x* ¥,y e T=(x% ¥y, Ti())

Let I be a connection on a bundle E and ® be a bundle isomorphism.
Then,

['=j'®eTc@™

is a connection on E. In particular, if ® is a bundle isomorphism over Id B,
we have the coordinate expression

(N y ) e T=(x%, ", (3, @'+ Th9;07) 0 @71)

By means of the contact map 6, of (22), a connection I' can be viewed
as a projectable tangent-valued horizontal form

0,oI': E-> T*B(?TE

We denote this form by the same symbol I'. Its coordinate expression is
[=dx*®(3,+Ti()3,)
The form I' determines the morphism (26):
I (3,900, +T\(»)a) e T,E

which yields the splitting of the exact sequence (13).
A connection I' defines the bundle morphism

D: J'Esw-w-T(my,(w))e T*B ng)VE
of the affine bundle E® into the vector bundle (23). We call this morphism
a covariant differential. Its coordinate expression is
D=[y,-T\(»)] dx"®s, 27)

To describe the totality of connections on a bundle E, one can use the
following fact.

Proposition. Let I be a connection and o be some soldering form (18)
on E. Then, their affine sum

I'=T+o0: E->J'E
['=dx*®[a, +T5(»)s: + oi(y)3:]

over E is a connection on E. Let I" and I be connections on E. Then, their
affine difference over E is a soldering form.
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The general approach to connections is suitable for formulating the
classical concept of a principal connection. This is a connection A on a
principal bundle P with a structure group G which obeys certain symmetries
by the action of G on P and J'P. Namely, a principal connection is a
section of the bundle P°' which is a G-equivariant bundle morphism such
that the following diagram is commutative for each morphism (10):

P—2 5 g'p

;1

p—2-7'p
Given an atlas ¥” and associated canonical coordinates (17) on P, we have
A=dx"® (3, + AN (p)dm)
AT(x*, p™)om = (rg) (AT (X", 0)3,,) = AV (x*, 0) ad g~ (3,m)

In the case of a principal bundle P, the exact sequence {13) implies the
exact sequence

0-V°eP->T°P->TB-»0
where
VepP=vVP/G, T°P=TP/G

denote the quotients of VP and TP by the canonical action (10) of G on
P. A principal connection A defines the splitting of this sequence.

Let E be a bundle associated with the principal bundle P. A principal
connection A on P yields an associated principal connection on E. With
respect to associated atlases ¥” of P and ¥ of E, a connection A on E
takes the coordinate form

A=A,  AY(x)=AT(x",0) (28)

By I,,, we here denote generators of the group G acting on a standard fiber
F of E on the left.

5. GEOMETRIC THEORY OF CLASSICAL FIELDS

Let us examine matter fields ¢ identified with global sections of a
vector bundle

(E,m, X, F, G)

over a world manifold X. This bundle is associated with a principal bundle
P. We call E a matter bundie.
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We further assume that X is an n-dimensional manifold endowed with
a fiber metric

2
g X-VTX

in the cotangent bundle T*X and the dual fiber metric in TX, which we
denote by the same symbol.

Given coordinates (v') on the standard fiber F of E, a bundle atlas ¥
yields linear bundle coordinates (x*, y’), (9), on the vector bundle E. These
coordinates are adapted to the canonical vertical splitting (16). Being
endowed with this splitting, the vertical bundle VE is associated with the
principal bundle P.

Let A be a principal connection on the principal bundle P. Given the
associated principal connection A on E, the covariant differential (27) of
field functions ¢, reads

D¢, =dx*®[o, — AL (x)],,]d.(x)

where A;(x) are coefficients of the associated principal connection (28)
on E.

Since principal connections on a principal bundle P with a structure
group G are represented by G-equivariant sections of the jet bundle P,
there is bijective correspondence between principal connections A on P
and global sections A of the affine bundle

C=P"/G=(J'P/G->P/G=X) (29)
modeled on the vector bundle
C=T*X®V°p

We call C a connection bundle.

Sections of the bundle VP are vertical vector fields on P invariant
under the canonical action (10) of G on P on the right. This bundle is
associated with the principal bundle P. Its standard fiber is the right Lie
algebra g of right-invariant vector fields on G. The structure group G acts
on this standard fiber by the adjoint representation.

Given an atlas {z,} of P, the bundle V°P is provided with associated
bundle coordinates (x*, k™) such that right-invariant vertical vector fields

u(p)=p"(2.(x)g)am =p"(2:(x)) ad g ' (3)
on P are represented by sections of the bundle V°P:

U (x)=k"(x) L= p" (2.(x)) I
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where {I,,} is a basis for the right Lie algebra §. The corresponding bundle
coordinates on C are (x*, k). A section A of the bundle C then has the
coordinate expression

k7o A =A% (x)

In gauge theory, sections A are treated as gauge potentials.
Recalling the contact map (22), we may represent a section of the affine
bundle (29) by the form

A€ X->T*X®TC°P
A€ =dx*®[3,— AT(x)I,]

The finite-dimensional configuration space of the matter fields ¢ is the
jet manifold J'E.

The configuration space of the gauge fields is the jet manifold J'C.
The affine bundle C°' admits the canonical splitting

J'Cc=cC, eC_= (J°P/G) eca( /2\ T*X® VGP) (30)

where C, is the affine bundle modeled on the vector bundle

2

C.=V T*X®V°P (31)
(Mangiarotti and Modugno, 1985). Local coordinates
(x* ki, sin, Fr)=(x*, ki, ki + k3, , ki — kX, — emkiky)  (32)

on J'C are adapted both to the submanifold C, and to the submanifold
2
Cc.=C )>§(/\ T*X ® VGP)

Here, ¢, are the structure constants of the group G

Remark. To get the splitting (30), one can use the monomorphisms
(25) and the canonical isomorphism of JP/G to J'C.
From the splitting (30), one obtains the fundamental form

2
F: J'C>AT*X®V°P
A ® (33)
F=4km -kl —cnkikl) dx* n dx*® 1,
If A is a principal connection on P, its curvature is given by

Fyo=Foj'AC
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The gauge-invariant Lagrangians of gauge fields are known to be
constituted only by the form (33), whereas the form
S: J'C~>Cy
is defined by gauge condition.

Given. configuration spaces J'E and J'C of matter fields and gauge
potentials, we can consider the first-order Lagrangian formalism.

6. LAGRANGIAN FORMALISM

A first-order Lagrangian is defined to be a morphism (1). We call £ a
Lagrangian density.

The following objects are usually associated with a Lagrangian.

1. The Legendre morphism. One calls the bundle (3) over E the
Legendre bundle. This is provided with the standard coordinates:

momg: IN>E->X
. . (34)
Gy, P~ (Y y) > (xY)

The Legendre morphism (5) is defined to be the fiber derivative of L.
2. The Poincaré-Cartan form:

O=7}dy' rno,~ (7Y~ Lo (35)
3. The Euler-Lagrange operator:

&(L): JE—> N\ T*X A V*E
E(Ly=(FL-da)dyrw=86Fdy' rw

where by d, and §; we denote total derivatives and variation derivatives,
dy=0,ty\0i+yidt,  8i=0,—dyo}

Given a Lagrangian L and the jet prolongation j'e of a section e of
E, the Euler-Lagrange equations read

(jPe)y*[u 18(L)]1=0 (36)
o%(e) : 3Z(e) _

-2 % . = .
(] e) [alg] ael a/\ ae:/\

0 (37)

for every vertical vector field u on E.
In field theory, a Lagrangian is usually required to be gauge invariant.
There are two main types of gauge transformations. These are atlas
transformations and principal morphisms.
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Here, we consider gauge transformations associated with internal
symmetries which do not concern the tangent bundle 7X over a base
manifold X.

In field theory, atlas transformations are treated as transformations of
reference frames. They do not act on sections ¢(x) of the bundle E, but
change their representation by field functions ¢, (x).

Principal morphisms @ of E are bundie morphisms (12) induced by
principal isomorphisms (11) of the principal bundle P over the identity
morphism of the base X. In contrast with atlas transformations, principal
morphisms P alter sections of E.

The necessary condition of gauge invariance of a Lagrangian L consists
in bringing L into zero by generators of infinitesimal principal morphisms.
These generators are associated with certain vertical vector fields u, on the
bundle E. We call such a vector field a principal vertical vector field.

In order to define gauge generators acting on a Lagrangian, we can
construct the lift (24) of corresponding principal vector fields:

i, = uld; + (9,ul + yloul)ot
These generators act on R-valued forms and tangent-valued forms on J'E
as Lie derivatives (20) given by the FN bracket:

Lﬁg¢ = dﬁgqs = [ﬁga ¢]
In particular, gauge generators act on a Lagrangian L by the rule
L; (L) =[ity, L]= (ug; + (dsug+ yi3;uy)d7) Lo (38)
If £ is gauge invariant, we have
Lﬁg$ = O

for all principal vertical vector fields u,. This equality makes sense of some
conservation laws and provides us with certain conditions on the constitution
of a gauge-invariant Lagrangian.

In the case of unbroken internal symmetries, the total Lagrangian L
of the gauge theory is defined on the configuration space

J'ExJ'C
X
Let us provide this configuration space with the condensed coordinates
(x*,9% gD, ¢ =0k

and calculate the Lie derivative (38) of the total Lagrangian L:
Ly L=[u;8,%+d\(ug9s%)]w =0 (39)
The local principal vertical field u, on the bundle E x C takes the form

ug=[um(g®)a™ (x*) +up(g%)a,a™(x*)]o.4

= a"(x*) Ly 8, +[dra™ (x*) + cuikia™ (x*)]a%,
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where a™(x*) are arbitrary local functions on X. Substituting this expression
into equality (39), one reproduces the familiar Noéther identities for a
gauge-invariant Lagrangian:

UndaL+d, (undsi®)=0
Up 4L+ d (U b L)+ umdh L =0
U E+utrAF =0
The total Lagrangian of the gauge theory is given by the sum
L=L¢y+t La

of the matter field Lagrangian L, and the Lagrangian L, of the gauge
potentials.

We give an example of F-valued scalar matter fields. Let a® be a
G-invariant metric in F and I" a connection on E. The familiar scalar field
Lagrangian L,,, and the corresponding Euler-Lagrange operator read

Limy=3g"a; (yi,—TL0N-T(») - m*afy'y'llg e
E(L)=—ailm’y' +g" (v~ ylaT.(y)llg 0 @ dy*
TL() =kl L, y), g=detg,, (40)

The conventional Yang-Mills Lagrangian L4, of gauge potentials on
the jet manifold J'C provided with coordinates (32) is given by the
expression

1 14 m n
LA=Z;§ agng)\ugﬁ FA,BFuvlgll/zw (41)

where a© is the adjoint invariant metric in the Lie algebra § and &7 is the
coupling constant.

7. MULTIMOMENTUM HAMILTONIAN FORMALISM
Given a bundle E, let us consider the Legendre bundle IT of (3) and

the commutative diagram
E
o\,
JIE TH

where s, is the global zero section of the bundle IT and ® is a bundle
morphism of II to J'E over E. Then,

Te=®os,: E->J'E
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is a connection on E associated with . We call ® a momentum morphism.
A momentum morphism can be canonically identified with a vector-valued
horizontal 1-form

f,od:. MI->T*XRTE

on II, which we denote by the same symbol ®. In standard coordinates
(34) on I, we have

O(p)=dx"®(a,+ Pi(x", ¥, p1)ds)
Fo(y) = dx*® (9, + ®i(x", ¥', 0)3,)
We use p to denote elements of IT. By IT', we further denote the bundle IT- X.
Given the Legendre bundle TI, there is a canonical inclusion

n+1
= /\ T*XQTXQV*E-> \ TFEERTX
and so there is a canonical multimomentum Liouville form (4) on II.
For each momentum morphism ®, we then can define the associated
multimomentum Hamiltonian form

Hy=®16: II->AT*E
Hy=p! dy' rw,—p}®lw (42)

Given the Legendre manifold IT, a multimomentum Hamiltonian form
H on 11 is defined by expression (6). Its transformation law (7) is derived
from the following coordinate transformation rules:

x* > x(x*), y"—>y’i(x“ )
, ax"™ ay ;i oy ay”
= ox” 3y rt, dy” —6 dx"+ -dy’ (43)
. ax*
w'=J"o, wy=J" lax”‘w

In particular, as it follows from the transformation law (7), the
difference of two multimomentum Hamiltonian forms

n
H-H=(¥-9Yo: TO->A\T*X
is an exterior horizontal form on II.
Given a2 multimomentum Hamiltopian form H on II, one can define
the associated momentum morphism H and the associated connection I'y
on E:

(x*, ' yh) e H=(x", y', 9)5¢)
H=dx"® (5, +3,%(x*, ¥, p})a;)
FH = dxA®(8)‘ +af\%(x/\’ yi’ 0)81)
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We can also construct the associated multimomentum Hamiltonian
form
H, r= rie
‘ A (44)
Hy=p} dy’ Ao, —piTi(y)e

for a connection I’ on E. Such a multimomentum Hamiltonian form has
the feature that, if Hy is the associated momentum map and Hy, is the
associated multimomentum Hamiltonian form (42), then

H Ar— Hy
Conversely, if a multimomentum Hamiltonian form H satisfies condition
Hy=H

this. is the form (44) for some connection I" on E.
Given a multimomentum Hamiltonian form H, there is a canonical
splitting

H=p}dy' nw,—piT (e~ #(p)ew

where

#,=Hr—H: II->A T*X

is an exterior horizontal n-form on II. We call # a Hamiltonian density.
Moreover, given a connection I' on E and an associated multimomentum
Hamiltonian form (44), each multimomentum Hamiltonian form H on II
can be written as

H=Hy~ %o (45)
where % is some Hamiltonian density. In particular,

where o is some soldering form.
If H is a multimomentum Hamiltonian form (6) and r is a section of
the bundle IT', the Hamiltonian equations for a section r take the form

r*(c JdH)=0 (46)

for each vertical vector field ¢ on the bundle IT'. In standard coordinates,
these equations are given by the expressions

ot =—8,% (47a)
r'=0 K (47b)
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Remark. In view of relation (45), we can rewrite these equations in
the form

D)‘r? = *8,92’

Diri=a*%
where D, are covariant derivatives corresponding to the connection I' on
the bundle II' which is induced by the connection I' on E and the trivial

connection on TX. In adapted coordinates (x*, y’, p%, v}, p4) on J'II', we
have

Fi(p)=Ti(»)
T4(p) = -a.T5(»)p)
To construct I', one can use the vertical tangent morphism
VI: VE-VJ'E
and the canonical isomorphism
B: VI'E-J'VE

Then, the connection {" is defined to be a connection on V*E which is dual
to the connection

BeVI: VE-TE-VI'E>J'VE

on VE. If one uses covariant derivatives D, corresponding to a total
connection on IT', the Hamiltonian equations read

Dlrt =204 rt= 3,
DIr=o%
where () is the torsion of a connection on TX and T*X.
Now we examine multimomentum Hamiltonian forms associated with
Lagrangians.

Let L be a Lagrangian (1) on J'E. For each momentum morphism @,
we can define a multimomentum Hamiltonian form

Hyo=Hy+Lo®=p}dy' nw,—(pi®\— Lo (48)

By Q= f,(J 'E), we denote the image of a Legendre morphism L associated
with the Lagrangian L. We say that a momentum morphism & and a
Hamiitonian form (48) are associated with the Lagrangian L if

Lod|,=1dQ (49)
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and if the morphism ﬁLq, associated with the Hamiltonian form (48)
coincides with @, that is,

[p} ~a1 (X, y*, @5(p))]o, @ (p) =0

On Q, this condition is the corollary of condition (49).
In particular, if L is a diffeomorphism, there exists the unique morphism

d=["!

associated to ﬁ, and the multimomentum Hamiltonian form (48) is induced
by a Poincaré-Cartan form (35):

Hio=H =(L7)*®
Hi(p)=pi dy' n oy —[piyi(p) = L(x/, y*, yi(p))]
pi=mt=012(x’, y*, yl)
We further restrict our consideration to almost regular Lagrangians for
which L™'(p), pe Q, is a connected submanifold of J'E.

Proposition 1. Given an almost regular Lagrangian L, the Poincaré-
Cartan form @ defines uniquely the form

Hy: Q-AT*E
such that @ = [*H, .
Outline of Proof. Since L(w)=p, we have 7} =p* in expression (35).
Hence, for any curve
A: (0,1)>J'E

the formal derivative
d
AIO)

is equal to zero if A lies in L7 p). Thus, ®(w) does not depend on the
choice of we L7(p).

Note that the set Q is analogous to a primary constraint manifold in
the conventional Hamiltonian formalism.

It follows from Proposition 1 and condition (49) that, if the form (48)
is associated with a Lagrangian L, then

HL:bIQ =H_

A degenerate almost regular Lagrangian is exemplified by the zero
Lagrangian L=0. In this case, Q=0 and multimomentum Hamiltonian
forms (48) associated with this Lagrangian are exhausted by forms (44).
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The following theorems relate the multimomentum Hamiltonian for-
malism and the Lagrangian formalism in the case of almost regular
Lagrangians.

Proposition 2. Let r be a section of the bundle IT'. If r takes its values
in Q and satisfies Hamiltonian equations (46) for some H,, associated with
L, then

r=L(j'e)
for some section e of E which satisfies the Euler-Lagrange equations (36).

Proposition 3. Let a section e of the bundle E be a solution of the
Euler-Lagrange equations (36) and ® be the momentum morphism associ-
ated with L such that

(®oL)jle=j'e (50)
Then,
r=L(j'e)
satisfies the Hamiltonian equations (46) with H = H, 4.

Outline of Proof. Equation (47a) can be easily derived from equations
(37), and equation (47b) results from condition (50).

Remark. If the degeneracy rank of L is constant on II, we can always
construct a local morphism & satisfying the conditions of Proposition 3.
Let (V;x* y', p}) be a chart of Q. In view of the constant degeneracy
condition, we can select the maximal subset {7,} of coordinates {y}} for
which the equations

ﬁ/\ __,f)g
)
can be resolved for 7;:
Fa=Fa(x", v, B, yi) (51)

where yi are the remaining coordinates. Since {j} is the maximal subset
of resolvable coordinates, after substituting (51) into the equation

we obtain

pi=pi(x* ¥, pr)
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Let e=(x*, y*(x)) be a section of E. Then, the local morphism
Va(x*, y', p)=» (X" ¥, ja(x®, v, BY, 8,07 (x)), yh =8,p")
satisfies the conditions of Proposition 3.

8. CONSERVATION LAW

To clarify the physical meaning of a multimomentum Hamiltonian
form, we consider the following conservation law.

Let I be a connection on the bundle E, e(x) be a section of E, and
be a vector field on X. Given a Lagrangian L, coefficients of the form

T Th(e)w, =—(j'e)*(rr 10)
=7 {m[o,e' ~Ti(e)]— L(e)84}w,
r=7(x)8,, rr=7IT=7"(x)[8,+T2(»)3;]
coincide with components of the canonical energy-momentum tensor of e
projected onto 7. Let e be a solution of the Euler-Lagrange equations (36).
If the Lie derivative
(7*e)*[7r, L]1=(j’e)*[dr(7r 1 ©)* + (T~ y)) 8.L]
vanishes, then the following energy-momentum conservation law holds:
37 Th(e)]1=0
In virtue of the splitting (45) and Proposition 2, one can bring this conserva-
tion law to the form
PTh()==r*(rr JHy),  r=L(j'e)
W[T#ri(x) — 7P (x) 1oL, F+ 7} =0
For instance, if X =R, we have the familiar energy conservation law
d

—H=0
dt

9. CANONICAL TRANSFORMATIONS

By analogy with the familiar Hamiltonian formalism, let us consider
canonical transformations of a multimomentum Hamiltonian system. They
are defined to be transformations of bundle coordinates on the bundie IT'
which keep the form of the Hamiltonian equations. We have treated the
particular case (43) of canonical transformations. These are transformations
of standard coordinates on II which are bundle coordinates on IT' compat-
ible with the fibration (34). As a consequence, we have obtained the
canonical splitting (45).
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Now, let us consider transformations of bundie coordinates on IT' of
the following type:

xtoxt, Yy e, PPt P (52)
These fail to preserve the fibration (34).
Let H be a multimomentum Hamiltonian form (6). We require that,

for any local solution (y'(x), p}(x)) of Hamiltonian equations associated
with H, the local functions

y'(x)=y"(y(x), pi(x))
piMx)=p(y/ (%), pJ'(x))

be solutions of the Hamiltonian equations associated with the multimomen-
tum Hamiltonian form

H'=p* dy" roy~H(x", y' (", p*), Pi(YY, p*))w
Remark. This does not imply the equality
prdvianw,=pt dy’ A w,

For instance, multimomentum Hamiltonian forms which differ from each
other in an exact n-form result in the same Hamiltonian equations.
We can write

) ayli ayri . ayri ay/i a%
Wy ==Zapi Ty =T APt —
2y aps A Dk ayk 4 ape APk ayk api
oy’ . oy"[a% ay” ok op*
= a 0Pk ok i _;+ m A
oPk ay” L8y” dpix dp; Pk

In contrast with derivatives 3, y*, derivatives 9, pi are not defined by Hamil-
tonian equations if n> 1. In order to get Hamiltonian equations for y", one
therefore must assume that, in expression (52), y” is independent of p}
and that

" opl _ s
Tk ox = 0%8;
8y" dpk

This takes place only if the transformations (52) are reduced to the transfor-
mations (43). It follows that, if n> 1, the transformations (43) of standard
coordinates on the Legendre bundle II exhaust canonical transformations
of a multimomentum Hamiltonian system.

By canonical maps, we call bundle morphisms of the bundle IT' which
transform each solution of Hamiltonian equations into a solution. We restrict
ourselves here to canonical maps over the identity morphism of X. In
standard coordinates on the bundle IT', these canonical maps must take
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locally the form of the transformations (43) where x'* = x*. It follows that
canonical maps are bundle morphisms of II represented by bundle morph-
isms of the vertical contangent bundle V*E which are induced by bundle
morphisms of the bundle E.

Let us consider multimomentum Hamiltonian forms associated with
an almost regular Lagrangian. By a gauge freedom transformation, we
call a canonical map which transforms a multimomentum Hamiltonian
form associated with L to a multimomentum Hamiltonian form associ-
ated with the same Lagrangian L. We have the following corollaries of
Propositions 1-3.

(i) The induced multimomentum Hamiltonian form H, on the image
Q of the Legendre morphism is invariant under gauge freedom transforma-
tions. Moreover, in virtue of the splitting (45), the term Hp of (44) and the
Hamiltonian density %, each taken separately, must be invariant under
gauge freedom transformations. .

(ii) Gauge freedom transformations bring the Legendre images L(j'e)
of local solutions e of the Euler-Lagrange equations into each other. Gauge
freedom transformations thereby make sense of the transformations of
physical equivalence.

10. MULTIMOMENTUM HAMILTONIANS OF GAUGE THEORY

In gauge theory, principal morphisms of a bundle E associated with
some principal bundle P induce canonical maps of the Legendre manifold
1 (we call them the gauge maps). To construct a multimomentum Hamil-
tonian formalism, let us require that the bundle E be endowed with an
associated principal connection I' and that a Hamiltonian density #ina
multimomentum Hamiltonian form be invariant under gauge maps.

In the case of matter fields, we have a vector bundle E and a canonical
vertical splitting

V*E =E X E*
It follows that a Hamiltonian density can be constructed as a scalar function
under linear gauge morphisms of bundles E and E*. For instance, keeping

the notations of Section 6, let us consider scalar matter fields. Its multi-
momentum Hamiltonian form reads

Hmy= Hr— %o = (p} dy' = piT\(y)w)
~Yatg,. bt p; +m*agy'y’)lg] e (53)
where ag is the fiber metric in E* dual to a* and

|1/2

p=>hlg
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This multimomentum Hamiltonian form is associated with the Lagrangian
(40). The Hamiltonian density & in expression (53) is invariant under gauge
maps. To construct a gauge-invariant multimomentum Hamiltonian form,
however, one must add a multimomentum Hamiltonian form for principal
connections and regard these connections as dynamic variables. In this
case, gauge maps become gauge freedom transformations. Moreover, local
gauge maps exhaust local gauge freedom transformations.

Given a bundle C, (29), of principal connections, we have the corre-
sponding Legendre manifold

“AT*X®TX ® V*C
C
“AT*X®TX ®[C x(T*X ® VOP)J*
C

=/< T*X®[<\2/ T*X® VGP>*(-B</2\ T*X® VGP) *]

C
=A T*X@[éf@ Cf} (54)
C
where we use the vertical splitting
VC=CxC=Cx(T*X®V°P)
We provide IT with standard coordinates
(x*, ki, p
or

(x*, ko, pU =1(ptt +pi), pler =X pit - pir))

which are compatible with the sphttmg (54).
For the standard Yang-Mills Lagrangian L 4, of (41), the Legendre
map reads

Ij(A)- J'IC->Q=A\T*X®C*<II
[pAd G ra uﬁFn{ 1/2 (uv)_o (55)
P ay,g g PFoglel?, p*=

The multimomentum Hamiltonian form associated with the Lagrangian
(41) reads

Hs =P¢::\ dk:\n AWy,

=3P S (x) — cmkhk,, ]w—-z al g.&sb plg 0 (56)
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where S(x) is an arbitrary section of the affine bundle C, and
Lo =3 Si(x) = chikik,,]

is a connection on C. Thus, muitimomentum Hamiltonian forms associated
with the Lagrangian (41) differ from each other by a connection I'c.

Remark. Over C xJ'C, there is canonical splitting of a connection
on C:
FC=%(SZ',, cuky k')+0‘ L(x)
where o(x) is some section of the bundle (31).

For local sections (k;(x), p%'(x)), the Hamiltonian equations associ-
ated with the multimomentum Hamiltonian form (56) read

dH 1
aApﬁA(x)= _akn=_-2‘cln (P PJ\)
I

% 62 n ~ay
BAk'"(x)‘a—p,J (S W(x)— nzkikfu)-“z—ag GualrpPat

On the image of the Legendre morphism (55), we have

1
Hs|,=H, = P AT A w +2p["” cmkikl
&2 (o
—'—4— aG gu.vg)t[‘lpm
Dy (x) =0

Al [Vﬂ]lgll/l

The last equation represents a gauge condition.
We thus can directly formulate gauge theory in the framework of the
multimomentum Hamiiltonian formalism.
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